We study the bounce and cyclicity realization in the framework of new gravitational scalartensor theories. In these theories the Lagrangian contains the Ricci scalar and its first and second derivatives, in a specific combination that makes them free of ghosts, and transformed into the Einstein frame they are proved to be a subclass of bi-scalar extensions of general relativity. We present analytical expressions for the bounce requirements, and we examine the necessary qualitative behavior of the involved functions that can give rise to a given scale factor. Having in mind these qualitative forms, we reverse the procedure and we construct suitable simple Lagrangian functions that can give rise to a bounce or cyclic scale factor.
I. INTRODUCTION
Although inflation is considered to be an important part of the universe history [1] , the "problem of the initial singularity" is still present in the standard model of the universe. In particular, since such a singularity is unavoidable if inflation is driven by a scalar field in the framework of general relativity [2] , a lot of effort has been devoted in resolving it through quantum gravity considerations or effective field theory applications.
Non-singular bouncing cosmologies may offer a potential solution to the cosmological singularity problem [3] . Modified gravities are an ideal framework for their realization, since they allow for the necessary violation of the null energy condition [4, 5] . In particular, one can obtain bouncing solutions in Pre-Big-Bang [6] and Ekpyrotic [7, 8] models, f (R) gravity [9, 10] , f (T ) gravity [11] , gravity actions with higher order corrections [12, 13] , braneworld scenarios [14, 15] , non-relativistic gravity [16, 17] , Lagrange modified gravity [18] , massive gravity [19] , loop quantum cosmology [20] [21] [22] etc. Alternatively, bouncing cosmology can be realized introducing matter fields that violate the null energy condition [23] [24] [25] , or constructing non-conventional mixing terms [26, 27] . Furthermore, one may extend bouncing cosmology to the paradigm of cyclic cosmology [28] , in which the universe experiences a sequence of expansions and contractions [29, 30] (see [34] for a review). This offers alternative insights for the origin of the observable universe [31] [32] [33] , and can explain the scale invariant power spectrum [34, 35] and possible non-Gaussianities [36] .
One recently constructed class of modified gravity is the so-called "new gravitational scalar-tensor theories" [37, 38] . In these theories one uses a Lagrangian with the Ricci scalar and its first and second derivatives, however in a specific combination that makes the theory free of ghosts. Transforming into the Einstein frame, one can show that these constructions propagate 2 + 2 degrees of freedom, and thus they fall outside Horndeski [39] , Galileon [40, 41] and beyond Horndeski theories [42] . Nevertheless, although these theories can be seen as a subclass of bi-scalar extensions of general relativity, they can still be expressed in pure geometrical terms, and that is why the authors called them "new gravitational scalartensor theories". Due to the presence of extra degrees of freedom, these theories can lead to very interesting cosmological behavior [38] .
In the present work, we are interested in studying the realization of bounce and cyclicity in the framework of new gravitational scalar-tensor theories. The plan of the work is as follows: In Section II we review the new gravitational scalar-tensor theories, and we apply them in a cosmological framework. In Section III we construct specific subclasses of Lagrangian functions that give rise to bouncing and cyclic scale factors. Finally, we summarize our results in section IV.
II. NEW GRAVITATIONAL SCALAR-TENSOR THEORIES
In this section we briefly review the gravitational theories that include higher derivative curvature terms, which were named new gravitational scalar-tensor theories in [37] . Transformed into the Einstein frame these theories present two extra scalar degrees of freedom comparing to general relativity, and thus they fall in the class of bi-scalar modifications.
The action of the new gravitational scalar-tensor theories is
As mentioned above, we do verify that all field equations do not contain problematic higher-derivative terms, and thus theory (1) is indeed healthy as it is constructed to be. Finally, note that in the scenario at hand general relativity is reproduced when K = φ/2 and G = 0, and in this case the triviality of the conformal transformation gives χ = − 3 2 ln 2. We proceed by applying the above theories into a cosmological framework. We add the matter sector straightaway in the Einstein frame and we consider the total action S tot = S + S m [38] . Therefore, the metric field equations (6) become
with T µν = −2 √ −g δSm δg µν the energy-momentum tensor of the matter sector considered to correspond to a perfect fluid. Moreover, we consider a flat Friedmann-RobertsonWalker (FRW) geometry with metric
with a(t) is the scale factor, and hence the two scalars are time-dependent only. With these considerations, equations (6) lead to the two Friedmann equations:
with
, H =ȧ/a the Hubble parameter, and where dots denote differentiation with respect to t. Additionally, we have introduced the energy density ρ m and pressure p m of the matter fluid. Similarly, the two scalar field equations (7) and (8) lead to the scalar evolution equations:
and
∂B∂φ , etc. We mention that amongst the above four equations, namely (11) , (12) , (13) , (14) , only three are independent, due to the fact that the total action is diffeomorphism invariant, i.e. we have a conservation equation [38] :
Thus, the matter energy density and pressure satisfy the standard evolution equatioṅ
The investigation of the above cosmological scenario at late times was performed in [38] , where it was indeed shown that one can obtain interesting phenomenology. In the present work we are interested in studying the earlytime phases, and in particular to examine whether the bounce realization is possible. This is performed in the following sections.
III. BOUNCING AND CYCLIC SOLUTIONS
In this section we proceed to the investigation of bounce and cyclicity realization in cosmology driven by new gravitational scalar-tensor theories. As it is known, in order to obtain a bounce we need a contracting phase (H < 0) succeeded by an expanding one (H > 0), and thus at the bounce point we have H = 0 andḢ > 0. On the other hand, for the turnaround realization we need the succession of an expanding and a contracting phase, and thus at the turnaround point H = 0 anḋ H < 0. Although these conditions cannot be fulfilled in the framework of general relativity [13] , observing the form of the two Friedmann equations (11), (12), as well as of the scalar-field equations (13), (14) we deduce that for suitable choices of the free functions K and G one can obtain the necessary violation of the null energy condition and thus satisfy the aforementioned bouncing and cyclic conditions.
A. Reconstruction of a bounce
Let us now proceed to the investigation of the bounce realization. Suppose that we impose a given form of a bouncing scale factor, in which case H(t) andḢ(t) are also known. Substitution of this bouncing scale factor into the three independent equations (11), (13) and (14) , and recalling that in FRW geometry B(t) = −2e √ 2 3 χ(t)φ (t) 2 , we obtain a system of three differential equations for the four functions φ(t) and χ(t) and for K and G (and their derivatives) considered as functions of t. Thus, we have the freedom to further consider the form of one of K and G. In the following paragraphs we examine two such cases separately, having in mind that in order to be able to obtain a bounce we need to go beyond the simple K and G forms investigated in [38] , which were adequate to describe the late-time universe.
1.
Model I:
Since general relativity is re-obtained for K = φ/2 and G = 0, one class of viable models of new gravitational scalar-tensor theories is the one with
and with
i.e. G is independent of φ. Concerning the explicit bouncing scale factor, without loss of generality we consider the matter bounce form [11] 
with a b denoting the value of scale factor at the bounce point t = 0, and q a positive parameter which determines how fast the bounce is realized. From this scale factor we immediately find
Inserting these considerations into equations (11),(13) and (14) , and replacing G B (t) = G ′ (t)/B ′ (t), and
, we obtain a system of differential equations for φ(t), χ(t) and G(t). Unfortunately, this system cannot be solved analytically, however it can easily be elaborated numerically, leading to the extraction of the φ(t), χ(t) and G(t). Since B(t) can then be found, we can acquire the function G(B) in a parametric form. Hence, it is this reconstructed G(B) that generates the input scale factor (19) .
In Fig. 1 we present the G(B) that is reconstructed from the given bouncing scale-factor form (19) , according to the above procedure, where we have neglected the matter sector in order to investigate the pure effect of the novel terms of the present theory. As we observe from the above procedure, and in particular from Fig. 1 , in order to obtain a bouncing scale factor in the case where K = φ/2, we need a G(B) function that resembles an exponential function of B.
The explicit example of the above reconstruction procedure offered us qualitative information for the G(B) form that leads to a bouncing scale factor. Thus, we can now reverse the reconstruction procedure and impose the form of G(B) a priori, and then extract the induced scale factor, which is the physical procedure. Having the qualitative requirements for G(B) in mind, we choose its form to be where G 0 and G 1 are parameters. Substituting it into equations (11), (12) and (13), considering once again K = φ/2, we acquire three second order differential equations for a(t), φ(t) and χ(t). Elaborating the system numerically we extract the scale factor, and we depict it in Fig. 2 . Hence, we do verify that new gravitational scalar-tensor theories with K = φ/2 and G(B) = G 0 e G1B lead to the realization of a cosmological bounce.
The above procedure can easily be repeated in the presence of the matter sector which gives rise to matter bounce. We find that the same forms of the functions K and G in the presence of pressureless matter, i.e. with p m = 0 and ρ m ∝ a 3 , give rise to a matter bounce, namely to a scale-factor similar to that of Fig. 2 .
2.
Model II: K = φ/2 + f (B) and G = ξB
In this paragraph we investigate the bounce realization in a different subclass of new gravitational scalar-tensor theories. In particular, we choose
where f (B) is an unknown function of B and ξ is a parameter. Similarly to the previous paragraph, firstly we consider the bounce scale factor (19) , in order to numerically reconstruct f (B) and acquire a qualitative picture of its form. Indeed, substituting these into equations (11), (13) and (14), and replacing
, we obtain a system of differential equations for φ(t), χ(t) and f (t). Since this system cannot be solved analytically, we elaborate it numerically and we extract φ(t), χ(t) and f (t). Since B(t) can then be found as B(t) = −2e √ 2 3 χ(t)φ (t) 2 , we can finally acquire the function f (B) in a parametric form. Hence, this reconstructed f (B) generates the input scale factor (19) .
In Fig. 3 we present the f (B) that is reconstructed according to the above procedure, in the absence of matter sector. As we observe, in order to obtain a bouncing scale factor in the case where K = φ/2 + f (B) and G = ξB, we need a f (B) form that resembles a parabolic function of B.
Having in mind the qualitative information for the form of f (B) obtained through the above reconstruction procedure, we can now reverse the procedure and impose the form of f (B) a priori, and then extract the induced scale factor. We choose
where B 0 is a constant. Substituting it into equations (11), (12) and (13), alongside with G = ξB, we result to three second order differential equations for a(t), φ(t) and χ(t). Elaborating the system numerically we extract the scale factor, which is presented in Fig. 4 . Thus, we do verify that new gravitational scalar-tensor theories with K(φ, B) = φ/2 + (B − B 0 ) 2 and G = ξB lead to the realization of a cosmological bounce. Finally, we mention that the above procedure can be repeated in the presence of the matter sector, and we find that the same forms of the functions K and G in the presence of dust matter give rise to a matter bounce.
General conditions for a bounce
We close this subsection by examining analytically the conditions for the bounce realization in the theories and models at hand, namely H = 0 andḢ > 0 at the bounce point. In particular, the first Friedmann equation (11) provides the general equation satisfied by the Hubble function, namely
where
The general solution of the above quadratic equation is
Hence, in order for the first bounce condition, namely H b = 0 (the subscript "b" denotes the value at the bounce point), to be satisfied, we deduce that at the bounce point we need c = 0. In the case of Model I above, i.e. for K = φ/2 and G = G(B), this condition becomes
at the bounce point, while for Model II above, i.e. for K = φ/2 + f (B) and G = ξB, this condition becomes
at the bounce point. The above conditions simplify further once we consider the forms of the functions G(B) and f (B) obtained above.
Concerning the second bounce condition, namelyḢ > 0 at the bounce point, from Eq. (12) we acquire
(31) Thus, in the cases of Model I and Model II respectively we obtain
(33) We mention here that in the analysis of the previous paragraphs we took the above general requirements into account in order to determine the initial conditions for the differential equations at the bounce point. Indeed, as we mentioned above, in order to be able to satisfy the above requirements and obtain a bounce, one must go beyond the simple K and G forms of [38] that were adequate to describe the late-time universe.
B. Reconstruction of cyclic evolution
In this subsection we extend the above analysis in order to construct a sequence of bounces and turnarounds, namely in order to obtain a cyclic cosmological evolution. As a first step we will consider a specific cyclic scale factor and we will reconstruct the corresponding K and G forms that generate it. Then, having obtained information for their qualitative behavior, we will consider specific K and G forms and show that they lead to cyclic evolution. In the following paragraphs we examine two such cases separately.
Model I: K = φ/2 and G = G(B)
As a first model we consider K = φ/2 and G = G(B). We start considering an oscillating scale factor of the form
with a c − A > 0 the scale factor at the bounce point, and A + a c the scale factor value at the turnaround. Inserting these into (11), (13) and (14), and replacing
, we obtain a system of differential equations for φ(t), χ(t) and G(t). We mention that since cyclic cosmology describes the whole universe evolution, and not only the phase around the bounce, we must necessarily include the matter sector. Without loss of generality we focus on the dust matter case, where p m = 0 and thus the continuity equation (16) 
3 /a 3 . Since the above system of differential equations cannot be solved analytically, we elaborate it numerically and we obtain the solutions for φ(t), χ(t) and G(t), and thus for B(t) too, and therefore we acquire the function G(B) in a parametric form. In Fig. 5 we depict this reconstructed G(B), which is the one that gives rise to the cyclic scale factor (19) . As we observe from the above procedure, and in particular from Fig. 5 , in order to acquire a cyclic scale factor in the case where K = φ/2, we need a G(B) function that resembles an exponential function of B. Thus, we can now reverse the reconstruction procedure and impose an exponential form of G(B), namely
where G 0 and G 1 are parameters. Substituting it into (11), (12) and (13), with K = φ/2, we obtain three second-order differential equations for a(t), φ(t) and χ(t).
Elaborating the system numerically we extract the scale factor, and we present it in Fig. 6 . Thus, we can see that new gravitational scalar-tensor theories with K = φ/2 and G(B) = G 0 e G1B can indeed produce a cyclic universe. We mention here that the exponential G(B) may also lead to a single bounce realization, as we saw in the previous subsection, however what distinguishes the two possibilities are the parameter values.
2.
We now study cyclicity in a different model, namely in the case where K = φ/2 + f (B) and G = ξB, with ξ a parameter. Similarly to the previous paragraph, we first consider the cyclic scale factor (34) , in order to numerically reconstruct f (B) and acquire a qualitative picture of its form. Substituting these into equations (11), (13) and (14), replacing
, and considering a dust matter sector, we obtain a system of differential equations for φ(t), χ(t) and f (t). Solving it numerically we extract φ(t), χ(t) and f (t), and therefore B(t) too, and thus we obtain the function G(B) in a parametric form. In Fig. 7 we show this reconstructed G(B), which is the one that gives rise to the cyclic scale factor (19) .
As we observe from Fig. 7 , in order to acquire a cyclic scale factor in the case where K = φ/2 + f (B) and G = ξB, we need a f (B) function that resembles an parabolic function. Having this in mind we can now consider as an input the parabolic form
with B 0 a constant. Inserting into (11), (12) and (13), with G = ξB, we obtain a system of differential equations for a(t), φ(t) and χ(t). Solving the equations numerically we extract the scale factor, and we depict it in Fig. 8 . Hence, we deduce that the theories at hand with K(φ, B) = φ/2 + (B − B 0 ) 2 and G = ξB can indeed produce a cyclic universe. Note that, as we saw in the 
IV. CONCLUSIONS
In this work we investigated the bounce and cyclicity realization in the framework of new gravitational scalartensor theories. In particular, in these theories one considers a Lagrangian with the Ricci scalar and its first and second derivatives, however in a specific combination that makes the theory free of ghosts. Transforming into the Einstein frame, one can show that these constructions propagate 2 + 2 degrees of freedom, and thus they are a subclass of bi-scalar extensions of general relativity. Nevertheless, the fact that these theories can be expressed in pure geometrical terms is a significant advantage.
We studied bouncing and cyclic solutions in various cases, reconstructing the forms of the functions K(φ, B) and G(φ, B) that can give rise to a given scale factor. Thus, having in mind the necessary qualitative form of these functions, we were able to reverse the procedure in the more physical base, namely we considered suitable simple functions K(φ, B) and G(φ, B) exhibiting this qualitative form, and we showed that they can give rise to a bounce or cyclic scale factor.
We close this work by referring to the perturbations of the obtained background solutions. In every bouncing scenario the analysis of perturbations is necessary, since they are related to observables such as the tensorto-scalar ratio. While in inflationary cosmology the generation of the primordial power spectrum requires that the cosmological fluctuations emerge initially inside the Hubble horizon, then they exit it, and later on they reenter, in a bounce scenario the situation is radically different. In particular, in bouncing cosmology the quantum fluctuations around the initial vacuum state are generated in the contraction phase before the bounce, they exit the Hubble radius as contraction continues, since the Hubble horizon decreases faster than the wavelengths of the primordial fluctuations, then the bounce happens, and finally they re-enter inside the horizon at later times in the expanding phase. Definitely, at the bounce point the background evolution could affect the perturbations scale dependence, however one expects this effect to be important only in the UV regime, where the gravitational modification effects play role, while the IR regime, which is responsible for the primordial perturbations related to the large-scale structure, remains almost unaffected [43] [44] [45] .
Although the generation of perturbations in bouncing models with one extra scalar degree of freedom is well understood and studied [34, 46, 47] , in the case where the underlying theory has more than one extra scalar degrees of freedom, where both of them contribute to the bounce, the perturbation generation has not been studied in detail. In particular, the examined scenarios in this subclass assume that one of the two extra scalar degrees of freedom is the dominant one at some point [48] [49] [50] [51] [52] [53] . However, this approach cannot be straightforwardly followed in scenarios where both fields have more or less equal contribution to the bounce realization, and one can see that the present scenario lies in this category. Hence, the analysis of perturbation generation in the bouncing scenario at hand has to be performed in a thorough and systematic way, through the full and detailed perturbation generation analysis of general two-field bounces. For this investigation one could use concepts and techniques of the perturbation generation in two-field inflation [54] [55] [56] [57] [58] (which is different from single-field inflation with a second sub-dominant field such as in cases of hybrid inflation [59] [60] [61] ). Nevertheless, this detailed analysis of perturbation generation in two-field bouncing models is a separate work that lies beyond the scope of the present project, and it is left for a future investigation.
In summary, we showed that the new gravitational scalar-tensor theories, namely a subclass of bi-scalar extension of general relativity that can be constructed by pure geometrical terms, can naturally give rise to bouncing and cyclic behavior. This capability acts as an additional advantage for these theories.
